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Let C be the complex plane, A := {SEC: Izj Q I> the closed unit disk, and I := [ -1, l] the closed unit interval. Throughout this chapter, we use do to denote a finite positive Bore1 measure on I with suppjdx) an infinite set, and dp to denote a finite positive Bore! measure on ?A := {z 5 C : 1~1 = I > with supp(@) an infinite set. Given p > 0, for a Bore! set E c I, define i'f !I q&E) := r y(x)l" dc.t ] : For a given f E C(I) (we use C(K) to denote the space of continuous functions defined on Kc C), we denote by ~z,,(.f) its best uniform approximant out of zzq2) the set of all algebraic polynomials of degree at most n, i.e., where Ii .]I K means the uniform norm on K = C. Similarly, defne 1,: 3L (si (for f~ C(q?A)), p:.,(f) (forfEL,(dz)) and slT,,, ., ( 6') (forfE I,,(&)) in .S, as follows:
Kadec [S] proved that for renl-calued f~ C(I): there are (n + 2j-point subsets of the extremal point sets A, := (x~i: if(xj-p&Jj: xji = ii-f-p;,(f )!I,} that, for a suitable subsequence of integers n, are distributed like the extrema of Chebyshev polynomials T,(x) := ( lj? ') cosjn arccos x)~ So, by the denseness of such extrema, there i.s an increasing subsequence of the positive integers, say A(f) c-N, such that fzr any subinrerval [a? b] c I (a # b), ij Essentially, (1) tells us that {p,*,,,(f)},"=, does not approximate f better on any subinterval of I than it does on the whole interval 1, which illustrates the principle of contamination introduced by Saff [ 131. Recently, IGo6 and Saff [7] proved a result which implies that (1) also holds for complex-aalued f~ C(I) and also for the analogous case of uniform approximation on the unit circle ?A. More precisely, if f EA(A) := (f~ C(A): f analytic in A'}, where A' := (z~C: jzl < l}, then there is a subsequence of N, say A(f), such that for any subarc I-(not a single point) of SA.
In this paper, we first prove the analogues of (1) and (2) for general L2 best approximation on I and BA, which illustrate an L, version of the principle of contamination (this is done in Section 2). Then we treat the problem of the distribution of zeros of the L, (p >O) best approximants P n*,, and s,Tpv and so generalize the Jentzsch-&ego-type theorem in [ 11. This is done in Section 4. In the proof of the Jentzsch-Szego-type theorem for the unit circle case, the regularity of the measure plays a very important role (cf. Definition 3.1). It turns out that the regularity of a measure is equivalent to the regular nth root asymptotic behavior of the corresponding orthonormal polynomials (cf. Theorem 3.3). Because of its own interest, we state and prove this fact in Section 3.
NORM CO~~PARISONS rs L, APPROXIMATION
Set and
x E I, p(O) := dp( {z = e": t E [0, e)}), 0 E [O, 27c3.
Then CI' and $ exist a.e. on I and [0, 2~1, respectively. Ilf-Pw-)ll.,kf*, 
Next we note that since E,(f) decreases to zero as n + ,CC, it follows from elementary properties of series that z' En-IV-)-Uf) .;, En-,(f)+E,(f)='x' (8) Therefore (7) implies that Cz.= I max(ri, rf-,) = CC, which is equivalent to (3). I
For the unit circle, we have the following companion of Theorem 2.1. THEOREM 2.3. Suppose that p'>O ae. on [0,2x]. Let f~L~(dp), fnot a polynomial, and b E (0: 2711. Then (9) unrformly for Bore1 sets F c ZA with (linear) Lebesgue measure 26.
ProoJ: We first introduce the orthonormal polynomials with respect to dp ; that is, cp,Jz) :=cpn(dp, z)=K~z"+ ... (K, :=~,(dp)>O),
satisfying Then we proceed exactly as in the proof of Theorem 2.1, using the following result of M&k, Nevai, and Tot& instead of Lemma 2.2.
LEMZl. Remark. The inequalities in Lemmas 2.2 acd 2.4 are the so-czlled Turk-type inequalities, see [9] . 
n E A c n Together with (7), this gives which implies (11). The proof of (12) is identical. 1
Our next result shows that Theorem 2.1 is best possible in the sense that the exponent 2 appearing in (3 j cannot be replaced by any larger value. ,,c, (
for every b~(-1, 1) and6>0.
Remark. It is easy to see that, by a modification of Proposition 2.6, we can show that (9) is also best possible. 
REGULARITY OF MEASURE
In Section 2, we used x' > 0 a.e. or p' > 0 a.e. in our assumptions. By a theorem of Rahmanov (cf. [12, lo]), we know that these assumptions imply that lim, _ 3c yf,:" = 2 and lim, _ 3c KY,!/ = 1, respectively (cf. (4), (10)). When we consider the distribution of zeros of the best L, (p >O) approximants, these limit conditions suffice for our purpose. In (16) , the branch of the square root is taken so that Jz' -1 behaves like 17 near infinity.
The main result in this section is THEOREM 3.3. A measure dp on I?A is regular with respect to ;A if and only if lim (qJdp, i)llln = 1~1, IZI > 1, i17) n-r w!here the conaergence irz (17) is IocaIlJ: uniform irz IzI > 1.
Before giving the proof of Theorem 3.3 we need to recall some properties of the orthogonal polynomials on the unit circle. Let @,Jz) = @,(dp, z) := + cp,,(dp, z) = zn + . . . , n = 0: 1, 2, . . . . n Then the manic polynomials @II satisfy the following recursive relation (cf. [17, 
' Regularity of general measures (with arbitrary compact support) is treated in [16] . Simultaneously, yet independently, results corresponding to Theorems 3. (ii) lim,,, ;E IC;" = 1.
(iii) lim,* j r( (n+1)-'~~=oln(l-~aj~2)=0.
ProoJ (i) =z-(ii) The proof follows from (22) and (23).
(ii) + (i) By (28),
(ii) o (iii) Note that by (27),
The following corollary illustrates the importance of the regularity of measures (cf. [ 151). Then by expanding any P, E q, in terms of { pk(dz, . ) )czO, we see that (31) .f is equai (dx-a.e. on I) to a function that is analytic on i if and on!y if lim sup ,!f-pz.,(f)li Ljdz) < 1.
;32) \ II -cc As a consequence of Theorem 3.3, for the unit circle, we have COROLLARY 3.6. Assume dp is regular with respect to ?A. Let ,f~ L,idcii! for some p > 0. Ther; f is equal (dp-a. 
JEYTZSCH-SZEG~-TYPE THEOREMS IN L, APPROXIMATION
Let P,, be a polynomial of exact degree n, and let 21, r2, . . . . z,, be the zeros of P, (counting multiplicity). Define the measure v(P,) as (34) where b, denotes the Dirac's measure for the point z E C.
The arcsine measure is the measure dx/z,!m on I. The uniform measure on ad: denoted by p*, is d0,/27c (i = eie).
As a consequence of Corollary 3.5, we prove 
For the zero distribution of manic polynomials of minimal L,(dp) norm on the unit circle, we need to modify the measure v(P,) in (34). First, for z E d O, define the positive unit measure The following Jentzsch-Szegii-type theorems show that the L, (p > 0) best approximants also obey the principle of contamination. converges in the weak-star topology to the arcsine measure as n + x8, n E A(f ). THEOREM 4.4. Let f be analytic in A"? continuous on A, but not analvtic on A, and let dp be a regular measure with respect to c?A. Then, for each p > 0, there is a subsequence A(f) c N such that C(s,T,Jf )) concerges in the weak-star topology to p* as n -+ x, n E A(f ).
Furthermore, in the special case that log ,u' E L,( [0, 2~1). then v(sn*,J f )) itself comerges in the weak-star topology to ,u* as n + x, n E A(f ). and so, as before, we conclude that and that any weak-star limit measure of {t:(sz P(f'))),zGn~fj must equal p*. This proves the first part of our theorem.
In order to prove the second part, by Theorem 2.1 in Cl], it remains to show that, for any closed set A c d", lim v(sX,(f))(A) = 0.
(44) n-zc n E A(f)
For this purpose, we need the following lemma. -G&q;< v(.s~Jf)) converges in the weak-star topoiogy to ;1* as n -+ 3~. q E L.!iufj. by Theorem 2.1 in [ 11. 1
